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Superconductors: Simulation
of Electromagnetic Properties
Ekaterina Kurbatova, Pavel Kurbatov and Mikhail Sysoev
Abstract
The chapter deals with the electromagnetic properties of bulk high-temperature
superconductors (HTSs), which can be used in magnetic systems for various
applications, in particular, in contactless magnetic suspensions. Magnetic levitation
in HTS material has a different nature from permanent magnets. It is caused by
induced superconducting currents inside the volume of material. Due to this, the
levitation is self-stabilizing and does not require additional active control or
mechanical stops in magnetic systems with HTS. HTS materials have nonlinear,
anisotropic, hysteresis properties, which make the calculation of the
superconducting devices very difficult. Here you can find a brief overview of
existing approaches to modeling HTS materials by E-J characteristics. Authors
propose the method of simulation intending for 3D numerical calculation, which
represents the processes in HTS using two types of magnetic field sources – current
and magnetization. The chapter focuses on the analysis of sources inside the
superconducting material and their influence on an external magnetic field and
levitation properties of HTS. In addition to simulations, the experimental studies of
the force interactions between HTS bulks and permanent magnet are presented and
compared with the calculations to verify the proposed mathematical models.
Keywords: high-temperature superconducting, model of HTS, bulk
superconductor, the Meissner effect, simulation, numerical calculation, magnetic
field, magnetic levitation
1. Introduction
Using bulk high-temperature superconductors (HTSs) is caused by the
peculiarity of their electromagnetic properties. Due to the low resistivity, which is
almost zero in the superconducting state, induced currents in HTS practically do
not fade and reach significantly higher values than the conventional conductive
materials.
According to Faraday’s law, the induced superconducting currents prevent the
change in the magnetic field; therefore, after the transition into the
superconducting state, HTS traps and saves the magnetic field in which they were
cooled. Based on this feature, it is possible to create full magnetic levitation
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characterized by self-stabilization in the directions of several degrees of freedom
simultaneously. Unlike the passive magnetic bearing, where the interaction
between permanent magnets provides the force, HTS suspensions do not require
the additional active control or mechanical stops.
Most often, the schemes with the interaction of permanent magnets and bulk
superconductors are used. In such constructions, two modes of HTS cooling are
possible – zero-field cooling (ZFC) without external magnetic field and field cooling
(FC) under the influence of the external field. In FC mode, HTS is cooled inside the
magnetic system in the position that must be maintained. In this case, the HTS
suspension is stable for any displacements. ZFC shows larger values of forces.
However, it may lead to the instability of the system.
Creating of superconducting bearings [1–8], transportation systems (MagLev)
[9–14], and other devices with HTS bulks requires the use of numerical calculation
methods and specialized mathematical model describing their electromagnetic
properties. Simulation of HTS bulks is a complex problem due to the necessity to
consider the influence of nonlinear properties of superconducting material at work
in magnetic fields and their interaction with the magnetic system.
In general, the following phenomena should be considered when modeling
bulk HTS:
• transferring between the superconducting and the normal states;
• nonlinear resistance;
• the Meissner effect (exclusion of the field during cooling);
• trapping of a magnetic field;
• anisotropy; and
• hysteresis.
In this chapter, we briefly overview the existing models of HTS and present the
method for simulation, which allows taking into account the various aspects of the
bulk HTS properties listed above.
The possibilities of the proposed models are shown on simulation examples and
compared with the experimental measurements. An example of a simulation of the
magnetization process illustrates the distribution of magnetic field sources inside a
superconductor. The behavior of HTS at different cooling modes, including the
trapping of the magnetic field and the Meissner effect, is explained based on the
analysis of simulation results.
The verification of the proposed method of simulation is performed by the
comparison with measurements. Here we present the experimental study of the
levitation force between a permanent magnet and HTS bulks, which is the most
important in terms of the use of HTS bulks in magnetic suspensions and other
levitation systems.
2. E-J characteristics of HTS
As a type of conductive material with a nonlinear resistivity, HTS is usually
simulated by the E-J characteristics. The simplest model for the calculation of
superconductors is Critical State Model [15–18]: when
2
On the Properties of Novel Superconductors
J ¼ JC
E
Ej j
, when Ej j 6¼ 0
∂J
∂t
¼ 0, when Ej j ¼ 0
8><
>: (1)
where J is the current density vector, E is the vector of the electric field strength,
and JC is the critical value of current density.
In this model, HTS is characterized by the E-J dependence at which the current
in a superconductor cannot exceed a certain critical value JC, and as the value of JC is
not achieved, the electric field is equal to zero (Figure 1(a)).
Determination of the critical current is an important problem in the simulation
of HTS. The most common approaches are the Bean [15] and Kim [16] models. The
Bean model assumes that JC = const, and it is determined only by the properties of
the superconductor. The studies in this area showed that JC depends on external
factors, in particular on the magnetic field. Thereby, the Kim model describes this
influence as follows:
JC ¼ JC0
B0
B0 þ B
, (2)
where B is the magnetic flux density, and JC0 and B0 are the constants determined
by the properties of a material. In general, JC0 and B0 also depend on the temperature.
Extended Critical State Model [19, 20] was proposed to take into account the
appearance of resistivity in case of exceeding JC, caused by flux motion. This
process can be modeled as a transition of a superconductor in the normal state
(Figure 1(b)). For this purpose, the behavior of the superconductor in the
flux-flow region [21, 22], when J > JC, is defined using the additional equation:
E ¼ ρf J  JCð Þ, (3)
where ρf is the effective electrical resistivity. Thus, in this model, there are two
areas, or conditions, in which the superconductor can be:
Figure 1.
E-J characteristics of HTS: (a) critical state model; (b) extended critical state model; (c) power law;
(d) flux-flow and flux-creep model; and (e) hyperbolic model.
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| J – JC| < JC – superconducting state corresponding to the critical state model and
J > JC – appearance of the resistance caused by flux motion.
Critical current density and the effective electrical resistivity are the functions of
the magnetic field strength:
JC ¼ J0 Hj=H
 n
, (4)
ρf ¼ ρ0 H=HC2ð Þ
m, (5)
where J0 and Hj are the constants determined by the properties of material, ρ0 is
the resistivity of the superconductor in the normal state, and HC2 is the value of the
second critical field.
The critical state model and its extension described above use linear approxima-
tion. This is an idealized representation of HTS properties. The real E-J dependence
has nonlinear form, due to inhomogeneity of material and physical processes asso-
ciated with the creep of fluxes, occurring with the increase of current. Such kind of
dependence can be described using the Power Law Model [23, 24], which is a
smooth approximation of the critical state model as shown in Figure 1(c):
E ¼ EC
J
JC
 n
, (6)
where EC is the critical electric field strength, and n is the power law exponent
that mainly influences the simulating properties [25].
Similar to JC (Eq. (2)), n value depends on the magnetic field:
n ¼ nC0
B0
B0 þ B
, (7)
where nC0 and B0 are the constants determined by the properties of material.
The power law model is the most commonly used for numerical calculations of
superconducting materials. However, experimental determination of n value causes
difficulties for HTS bulks [26].
One of the models that most accurately and completely describe the behavior of
HTS is Flux-Flow and Flux-Creep Model [27, 28]. It divides the different types of
conductivity in a high-temperature superconductor (Figure 1(d)):
E ¼
EC
sinh βJ=JC
 
sinh βð Þ
, when J ≤ JC
EC þ ρff J  JCð Þ, when J > JC
8><
>: , (8)
where ρff is the flux-flow resistivity, parameter β characterizes the pinning:
β ¼ U0=kBT, (9)
where U0 is the pinning potential, kB is the Boltzmann constant, and T is the
temperature.
When J ≤ JC, a superconductor is in the flux-creep region [29]. When J > JC, both
flux-creep and flux-flow [21, 22] effects are present in material simultaneously.
The critical current density in Eq. (8) depends on the magnetic induction
according to the Kim model mentioned above. And the flux-flow resistivity is
defined from the Bardeen-Stephan model
4
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ρff ¼ ρf0
B
Bρ
, (10)
where ρf0 and Bρ are the constants at a given temperature.
In some works, the electrical resistivity is represented as an approximating
Hyperbolic function of magnetic field strength H, current density J, and temperature
T [30, 31]:
ρ ¼ 0:5ρ0  1þ thf  1 T=TCð Þ 1H=HCð Þ 1 J=JCð Þ=δj
 
g, (11)
where ρ0 is the electrical resistivity of the HTS material in the normal states
(constant); JC is the critical current density; HC is the critical magnetic field
strength; TC is the critical temperature; and δj is the relative dispersion of the
distribution of critical parameters in the inhomogeneous material.
E-J characteristic corresponding to Eq. (11) is shown in Figure 1(e). This
approximation is similar to the flux-flow and flux-creep model and allows to
describe the properties of HTS in different regions.
For this model, the dependence of the critical current density on the magnetic
field strength is determined by the power functions:
JC ¼ JC,max  1 H=Hcð Þ
αð Þ
β
, when H≤HC
JC ¼ 0, when H>HC
(
, (12)
or
JC ¼ JC,max = 1þ H=Hcð Þ
αð Þ
β
, (13)
where JC,max is the maximum value of the critical current density at a given
temperature, and α and β are the model parameters (real positive numbers). Varia-
tion of α and β allows us to change the form of the Jc(H) dependence in a wide
range. The maximum value of the critical current density is defined by the follow-
ing temperature dependence:
JC,max ¼ JC0 1 T=TCð Þ
2
 	n
, (14)
HC ¼ HC0 1 T=TCð Þ
2
 	m
, (15)
Figure 2.
Dependencies of the critical current density on the magnetic field strength at a constant temperature: (a)
according to Eq. (12) and (b) according to Eq. (13). 1 – α = 1, β = 5; 2 – α = 1, β = 1; and 3 – α = 5, β = 1.
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where JC0 and HC0 are the critical current density and critical magnetic field
strength extrapolated to T = 0; Tc is the critical temperature, at which supercon-
ductivity is lost; and n and m are the positive real numbers.
Figure 2 illustrates the dependencies of the critical current density on the mag-
netic field strength at a constant temperature, according to Eqs. (12) and (13) with
different coefficients α and β and the following critical parameters: JC,max = 300 kA/
mm2 and HC = 2000 kA/m.
3. Method for simulation of HTS
The manufacturing technology of high-temperature superconducting materials
determines their structure and electromagnetic properties. In general, mathematical
models of the properties of such materials should describe not only the flow of
conductivity currents, so-called “transport currents,” but also the possible existence
of small volume-distributed regions having magnetic properties similar to a
nonlinear diamagnetic material. These regions can be represented as isolated
superconducting regions in which circulating currents interact with the magnetic
field according to a certain law as microcurrents in magnetic materials.
For numerical calculations, the distribution of superconducting currents can be
approximated by the complex current vector models with two basic components:
the transport current density J and the magnetizationM. To analyze an electro-
magnetic field, the sources J andM are represented in a volume of HTS by contin-
uous functions of magnetic field parameters, that is, averaged at a macroscopic
level.
The transport current J is induced to oppose the applied field in accordance with
Faraday’s law [32], which can be written for J using the relation E = ρJ
J ¼ 
1
ρ
dA
dt
þ ∇φ
 
, (16)
where ρ is the electrical resistivity as the function of the magnetic field strength
H, current density J, and temperature T. The electrical resistivity in superconduc-
tors is usually anisotropic and is represented by the resistivity tensor. Here we use
the hyperbolic function Eq. (11), which describes the properties of HTS in a wide
range and has functional customization. However, for the region without flux-flow
resistance, the power law (Eq. (6)) will show similar results.
The vector magnetic potential A is the time-dependent function of magnetic
field sources J andM
A tð Þ ¼
μ0
4π
ð
V
J tð Þ þ ∇M tð Þ
r
dV  ∮
S
nM tð Þ
r
dS
2
64
3
75þAext tð Þ, (17)
where Aext is the vector potential created by the external sources.
The scalar electric potential φ determines the potential component of the electric
field strength
Ep ¼ ∇φ ¼ 
1
4πε0
∮
S
ξ tð Þr
r3
dSþ Ep,ext, (18)
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where ξ is the density of the electric charges induced on the surface of a super-
conductor, and Ep,ext is the electric field strength created by the external sources.
The electric charge density is determined using the integral boundary equations.
Detailed information about Eqs. (17) and (18) can be found in Ref. [32].
The magnetization is determined from the stationary state equations and prop-
erties of material
B ¼ ∇A
B ¼ μ0 HþMð Þ


: (19)
Magnetization is associated with another type of source-related currents circu-
lating in the isolated regions as mentioned above. These currents have the same
properties as transport current in terms of depending on the temperature and
magnetic field strength but have the form of small local vortex structures with the
magnetic moment vectorsm. For modeling the contribution of these local currents,
they can be represented as the distribution of superconducting solenoids, which
length is much more than its diameter.
If we consider such long solenoid, the intrinsic magnetic field strength inside it is
close to uniform and equal to the linear current density. Thus, it is assumed that the
local current structures are equivalent to uniformly magnetized elements along the
axis. The own demagnetizing magnetic field strength of the solenoid is zero.
As a parameter of the material properties, the magnetization M is the density of
magnetic moments of the superconducting solenoids [33]. Until the magnetization
M in a superconductor is less than the value of the critical magnetization Mc, the
magnetic flux density inside the superconducting solenoids remains constant and
equal to the previously acquired value. It means that in the region M < Mc, the
magnetization is changed according to the equation for a diamagnetic material
dM
dH
¼ 1: (20)
Due to the relation with the superconducting currents, the critical magnetization
is characterized by the nonlinear dependence on the magnetic field like in Eqs. (12)
and (13)
MC ¼ MC,max  1 H=HCMð Þ
αð Þ
β
, when H≤HCM
MC ¼ 0, when H>HCM
(
, (21)
or
MC ¼ MC,max = 1þ H=HCMð Þ
αð Þ
β
, (22)
whereMC,max is the maximum value of critical magnetization at a given tem-
perature, and HCM is the critical magnetic field strength for magnetization. The
temperature dependencies of the critical magnetization and critical magnetic field
strength are the same as for the hyperbolic model in Eqs. (13) and (14).
The model parameters α and β for the magnetization may differ from their
values in the equations for the current density. Figure 3 presents the dependencies
of the maximum critical magnetization at a constant temperature according to
Eqs. (21) and (22) with different coefficients α and β and the following critical
parameters: MC,max = 500 kA/m and HCM = 2000 kA/m.
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Figure 4 shows the magnetization curve of a superconductor obtained using
Eqs. (20) and (21). If HTS has been transferred into the superconducting state
without an external magnetic field (ZFC), then the magnetization in the initial state
is zero (point 0). With increasing magnetic field strength, the magnetization
increases in the opposite direction to satisfy the condition of an ideal diamagnetic
M = H (magnetic induction inside the diamagnetic equals zero) until point 1.
From this point, the magnetization is limited by the critical curveMC = f (H) up to
MC = 0 at point 6. Changing the magnetic field in the range –MC < H < MC does not
cause the trapping of a magnetic field, and magnetization is defined by the linear
region of the characteristic. If the magnetic field strength decreases from the point
on the critical line (point 2), then the magnetization will be defined from the
condition of the constant value of magnetic induction B2 asM = B2/μ0-H, where B2
is the value of magnetic flux density at point 2. At point 3, the magnetization
reaches the critical value on the upper part of the magnetization curve, and fur-
thermore, it will be determined by the critical curveMC = f (H) up to point 7. If the
magnetic field decreases at point 4, the new value of magnetic induction B4 will
remain constant until the critical magnetization at point 5. At field cooling (FC), the
magnetization changes similarly, but the initial point is determined by the magnetic
field H 6¼ 0 either on the initial line 0–1 or on the critical curve 1–6.
Figure 3.
Dependencies of the maximum critical current density on the magnetic field strength at a constant temperature:
(a) according to Eq. (21) and (b) according to Eq. (22). 1 – α = 2, β = 3; 2 – α = 1, β = 1; and 3 – α = 3, β = 2.
Figure 4.
Changing the magnetization under variation of a magnetic field (magnetization curve of HTS).
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We assume that in a certain small volume of the superconductor, there are a
sufficiently large number of solenoids, which may have different parameters of the
critical magnetization dependencies. Inhomogeneity of the magnetization proper-
ties is taken into account using the probabilistic distribution laws for the mentioned
parameters. Figure 5 presents the comparison of the volume-averaged magnetiza-
tion determined for a superconducting material with homogeneity and inhomoge-
neity properties. In the first case, all superconducting solenoids are identical. In the
second case, solenoids have different critical parameters and, accordingly, create
different magnetic moments.
The spatial orientation of the solenoids defines the anisotropic properties of the
magnetization. M(H) characteristics in Figure 5 represent the properties along the
axis of the solenoids, which have identical directions in a volume of superconduc-
tor. The orthogonal components of the magnetic field strength do not create mag-
netization. This corresponds to the usually used assumption that currents flow in
the plane perpendicular to the anisotropy axis.
In general case, the anisotropic properties can be simulated using the probability
distribution of both the values of critical parameters and directions. Figure 6 shows
an example of the dependence of the magnetization along the main axis of anisot-
ropy α as a function of the components of the magnetic field strength along the axes
α and β.
The idea of combining the models for current and for magnetization in the
simulation of HTS bulks is as follows. Applying the external magnetic field after
Figure 5.
Magnetization curve of HTS bulk with homogeneity (a) and inhomogeneity (b) properties.
Figure 6.
Magnetization model with anisotropy.
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cooling the superconductor at ZFC mode leads to the appearance of the induced
transport currents. These currents are defined by both the external magnetic field
and the own magnetic field of superconductor created by the resulting magnetiza-
tion and induced currents. During the cooling process at FC mode, the magnetiza-
tion occurs to expel the magnetic field from the volume of HTS as in type I
superconductors. Changes of the resulting magnetic field due to the magnetization
causes induced currents to flow according to Faraday’s law. In this case, currents
and magnetization create magnetic fields that try to compensate for the influence of
each other. If the compensation of magnetic fields does not full, there will be the
partial exclusion of the magnetic field from the superconductor. Thus, it is possible
to simulate the partial Meissner effect at FC mode.
4. Simulation of J and M sources in HTS bulk
This section presents the analysis of the distribution of field sources in a bulk
high-temperature superconductor. Computational model for analyzing the interac-
tion of HTS bulk with the external magnetic field, which is shown in Figure 7,
illustrates the simulation of superconductor using the proposed mathematical
models for two types of electromagnetic field sources J and M. In this example,
superconducting disk 1 is placed in the magnetic field created by the DC coil 2.
Changing the current in the coil provides two different types of transferring HTS
disk into the superconducting state: zero-field cooling (ZFC) in the absence of a
magnetic field and field cooling (FC) in the presence of a magnetic field.
MMF in the coil is set as a time function (Figure 7(c)) depending on the cooling
mode. In ZFC, the calculation starts with zero MMF, after which the current
linearly increases until the maximum value and then goes back to zero. In FC, the
initial MMF is equal to the maximum value. It remains constant for 1 s and then
decreases to zero. This delay does not affect the simulation and had been used only
for the convenience of comparison between calculated results at ZFC and FC
modes.
The process of magnetizing the HTS disk allows us to analyze the behavior of
different sources, including the features of distribution inside the volume of super-
conductor and their influence on the magnetic field near the disk. Here, we carried
out the calculations with three different models of HTS properties: model only for
current, model only for magnetization, and combined model with current and
magnetization. Despite the fact that both magnetization and current describe the
motion of charges inside an HTS, that is, superconducting currents, as mathemati-
cal models of magnetic field sources, they have different properties and obey
Figure 7.
Computational model for analysis of the interaction HTS bulk with the external magnetic field: (a) 3D model
for calculation: 1 – HTS disk, 2 – field coil; (b) dimensions of the elements; and (c) MMF in the coil: 1 – ZFC,
2 – FC.
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different laws. This causes relevant differences in the magnetizing process, as
shown below.
Parameters of the mathematical model forM and J used for simulation in this
section are given in Table 1. Temperature is assumed to be a constant value of 77 K,
and the critical temperature is 93 K.
Figure 8 presents the distribution of magnetic field sources in a section of HTS
disk in the case of ZFC. Results are presented for two specific time points: point A –
at the maximum value of MMF (t = 1.0 s) and point B – at zero MMF (t = 2.0 s). The
current density was calculated using the model only for the current density
(Eqs. (11) and (12)); the magnetization was obtained from the calculation with the
model only for the magnetization (Eqs. (20) and (21)).
Parameter Units Value
Critical current density, JC,max A/mm
2 300
Critical magnetic field for current, HC kA/m 2300
α for critical current — 1
β for critical current — 2
Dispersion δ — 0.01
Critical magnetization, MC,max kA/m 1000
Critical magnetic field for magnetization, HCM kA/m 2300
α for magnetization — 1
β for magnetization — 2
Table 1.
Parameters of the mathematical models for J and M used in simulation in Figure 7.
Figure 8.
Distribution of the magnetic field sources in a section of the HTS disk at ZFC: (а) model for current and
(b) model for magnetization.
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After transferring into the superconducting state, HTS prevents the change of
the magnetic field inside its volume. At point A, current and magnetization try to
compensate the magnetic field of the coil. However, due to the nonlinear properties
of HTS, exceeding a certain value of the external field causes the magnetic field to
penetrate inside the superconductor. Therefore, even after ending the current
impulse at point B, both magnetic field sources save the trapped magnetic field. The
maximum value of the external magnetic field, which can be compensated by HTS
bulk, depends on the critical parameters of the mathematical models (JC and MC).
Figure 9 shows the distribution of magnetic field sources inside HTS in the case
of ZFC obtained from the calculation using the combined model at similar time
points. In the combined model, both magnetic field sources exist simultaneously
and affect each other.
The combined model reproduces the features of the magnetizing process after
ZFC that is compensating and trapping the external magnetic field as well as
conventional models for current. The impact of an additional field source in the
form of magnetization leads to a change in the distribution of current density inside
the volume of HTS compared with the results of the model only for current.
Currents in Figure 8 are induced on the side surface of the disk over the entire
height and gradually penetrate the volume. In contrast, in the combined model, the
magnetization vectors also take part in compensation of the magnetic field, and
currents flow only on the end faces of the disk filling the volume of HTS from the
outer radius. The induced currents also affect the distribution of magnetization,
which differs from that shown in Figure 8. This is especially observed at point B
when HTS traps a part of the external magnetic field.
Distribution of the magnetic field near HTS disk is defined by the type and
localization of magnetic field sources. Figure 10 presents the calculated distribution
of the axial HZ and radial Hρ components of the magnetic field strength along the
radius on a distance of 1 mm above the superconductor at ZFC. Dependences for
three considered models of HTS properties are shown at two specific time points,
Figure 9.
Distribution of the magnetic field sources in a section of the HTS disk at ZFC using the combined model:
(а) current density and (b) magnetization.
12
On the Properties of Novel Superconductors
corresponding to above presented distributions of magnetic field sources: the max-
imum MMF (point A) – lines 1–3, and zero MMF (point B) – lines 4–6.
The obtained dependencies show that the model for magnetization gives a more
uniform distribution of the axial component of the magnetic field strength than the
model for current when the magnetic field penetrates HTS disk (point A). At the
same time, the model for magnetization has a higher maximum and a sharper
change of the radial component of the magnetic field strength at the border of HTS
disk. At point B, the trapped magnetic field has a significant difference caused by
the nature of the magnetic field created by currents and magnetization. A more
pronounced difference is observed at point B because at this time, there is no
external magnetic field, which primarily defines the distribution of the magnetic
field at point A.
The distribution of the magnetic field strength for the combined model at point
A is transitional between the results of calculations using the model only for current
and the model only for magnetization. Thus, it becomes possible to customize the
model of HTS properties by choosing model parameters and introducing weighting
factors defining the contribution of each magnetic field source on the properties of
superconducting material. The final condition of HTS is defined by the resulting
influence of the current and magnetization and achieved when both sources come
to a balance point, which is determined by the parameters of their models. In
considered example with the applied model parameters, the magnetization almost
completely compensates the impact of the induced current and its magnetic field.
This leads to the absence of a trapped magnetic field at point B.
A similar simulation was carried out for cooling the HTS bulk in the magnetic
field of DC coil. Figure 11 presents the distribution of magnetic field sources in a
section of a superconducting disk in the case of FC. Results are presented for two
specific time points, similar to ZFC: point A – before changing the MMF (t = 1.0 s)
and point B – at zero MMF (t = 2.0 s). The current density was calculated using the
model only for the current density (Eqs. (11) and (12)); the magnetization was
obtained from the calculation with the model only for the magnetization (Eqs. (20)
and (21)).
When type I superconductor is cooled in an external magnetic field (FC), the
magnetic field is excluded from its volume. This phenomenon is called the Meissner
effect. In type II superconductors, this effect appears partially; therefore, usually it
is not taken into account in calculations. As you can see in Figure 11, the current is
Figure 10.
Distribution of the axial (a) and radial (b) components of the magnetic field strength along the radius of HTS
disk at ZFC: 1 – model for current at tA = 1.0 s; 2 – model for magnetization at tA = 1.0 s; 3 – combined model
at tA = 1.0 s; 4 – model for current at tB = 2.0 s; 5 – model for magnetization at tB = 2.0 s; and 6 – combined
model at tB = 2.0 s.
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not induced at point A, since there is no change in the magnetic field during FC. In
contrast to the model for current, the magnetization appears at the initial time and
partially compensates the magnetic field inside the disk. However, due to the
limitation of magnetization, most of the magnetic field penetrates the supercon-
ductor and then is trapped by it. At point B, both magnetic field sources are
distributed in such a way as to trap the maximum of the magnetic field, which
depends on the critical parameters of the mathematical models (JC and MC).
Figure 12 shows the distribution of the current density and magnetization vec-
tors in a section of the HTS disk in the case of FC obtained from the calculation
using the combined model with current density and magnetization at similar time
points. Upon transition into the superconducting state, the magnetization and cur-
rent appear simultaneously (point A). Magnetization provides the expulsion of the
magnetic field from the volume of a superconductor (the partial Meissner effect).
This causes a change in the magnetic field and inducing of superconducting current,
which partially or wholly compensates the change of the magnetic induction in
HTS. Therefore, unlike the model only for currents, when using the combined
model, induced currents are observed even during FC. As for the trapped magnetic
field at point B, it is provided by both sources, the distribution of which is similar to
the separate mathematical models taking into account their influence on each other.
Obtained distribution of currents and magnetization at FC mode for the combined
model differs from the distributions of these sources in the ZFC mode. This mainly
applies to currents, which occur on the side surface of the superconducting disk
rather than on the end faces.
Figure 13 presents the calculated distribution of the axial HZ and radial Hρ
components of the magnetic field strength along the radius on a distance of 1 mm
above the superconductor at FC mode. Dependences for three considered models of
HTS properties are shown at two specific time points, corresponding to the
presented above distributions of magnetic field sources: before changing the MMF
(point A) – lines 1–3 and at zero MMF (point B) – lines 4–6.
Figure 11.
Distribution of the magnetic field sources in a section of the HTS disk at FC: (а) model for current and
(b) model for magnetization.
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The obtained results of simulation indicate that the model for currents does not
allow reproducing the Meissner effect in FC mode since the current in the HTS disk
cannot be induced without changing the magnetic field. At point A, line 1 corre-
sponds to the distribution of the magnetic field created by the current in the coil
since the HTS disk does not affect it. In the model for magnetization, the resulting
magnetic field due to the influence of magnetization significantly changes above the
superconductor. Expulsion of the magnetic field from the volume of superconduc-
tor leads to a decrease in the axial component of the magnetic field strength and an
increase in the radial component of the magnetic field strength compared with the
coil field. The combined model shows the ability to control the nature of the source
distribution and, accordingly, to adjust the Meissner effect and the redistribution of
the magnetic field during FC mode quantitatively by choosing the model
parameters.
Figure 12.
Distribution of the magnetic field sources in a section of the HTS disk at FC using the combined model:
(а) current density and (b) magnetization.
Figure 13.
Distribution of the axial (a) and radial (b) components of the magnetic field strength along the radius of HTS
disk at FC: 1 –model for current at tA = 1.0 s; 2 –model for magnetization at tA = 1.0 s; 3 – combined model at
tA = 1.0 s; 4 –model for current at tB = 2.0 s; 5 –model for magnetization at tB = 2.0 s; and 6 – combined model
at tB = 2.0 s.
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At point B, the combined model and the model only for current show almost the
same distribution of the trapped magnetic field. This is explained by the fact that
the model for current mainly determines the trapped magnetic field in HTS at FC,
while magnetization describes the changes of the magnetic field inside the
superconducting material, which do not obey Faraday’s law, including the
Meissner effect.
5. Comparison with experimental measurements
Experimental study of the interaction force between a permanent magnet and
HTS bulks, the so-called levitation force, was performed to provide data for the
validation of the proposed mathematical models. Measurements were carried out on
the laboratory equipment as shown in Figure 14.
Studied HTS sample 1 is placed and fixed inside the cuvette 2 using a
nonmagnetic holder. For measuring the dependence of force on the gap between a
permanent magnet and HTS, we use a moving rod 3, which is driven by a stepping
motor. At the end of the rod, there is a fixed steel disk 4 holding the cylindrical
permanent magnet 5 due to an attractive magnetic force. Weight 6 measures the
force acting on the cuvette with HTS, and position sensor 7 shows the displacement
of the permanent magnet during the experiment. Measuring equipment and a
motor are connected to a computer that controls the experiment. For cooling, we
used liquid nitrogen. Dimensions of the permanent magnet and two studied HTS
samples (disk and ring) are shown in Table 2.
Force has been measured for two cooling modes: zero-field cooling and field
cooling. During ZFC, the superconductor is cooled at the maximum gap of 50 mm.
Then, the gap is installed at the initial measuring value of 29 mm. At FC, cooling
process takes place at the gap of 3 mm. After cooling, the permanent magnet slowly
moves vertically to or from HTS sample depending on the cooling mode.
Due to the properties of the high-temperature superconductors, the initial force
curve differs from the subsequent ones. Therefore, the measurement along the
Figure 14.
Experimental measurements of the levitation force: (a) scheme of the experiment and (b) – photo of the
laboratory equipment. 1 – HTS sample, 2 – cuvette, 3 – moving rod, 4 – steel disk, 5 – permanent magnet,
6 – weights, and 7 – position sensor.
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initial trajectory was performed twice to obtain stable characteristics. Thus, the
change of the gap looks like this: 29–0.2–29–0.2 mm after ZFC and 3–29–3–29 mm
after FC, as shown in Figure 15. With further cyclic loads, the obtained force
dependencies will be repeated.
Experimental dependencies of the levitation force on the gap between the
permanent magnet and HTS samples are compared with simulated results in
Figures 16–19. The presented calculated characteristics have been obtained after
selecting and optimizing the parameters of mathematical models described in Sec-
tion 2 of this chapter.
Despite the fact that the approximation models have many parameters and
due to this, they allow achieving excellent agreement with the experimental results
in particular cases, defining the parameters is not an easy task on practice.
HTS disk HTS ring Permanent magnet
External diameter, mm 46 46 50
Inner diameter, mm — 30 —
Height, mm 7 7 30
Table 2.
Dimensions of the permanent magnet and HTS samples.
Figure 15.
Changing the gap during the experiment for FC and ZFC.
Figure 16.
Force of HTS disk for ZFC: (a) model for current and (b) combined model.
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The difficulty lies in need to choose parameters that show a good approximation for
both cooling modes – ZFC and FC.
The parameters selected based on the comparison with the measured results are
presented in Table 3. Due to experimental confirmation, they can be considered as
parameters of the studied HTS samples, and when studying several samples made of
Figure 17.
Force of HTS ring for ZFC: (a) model for current and (b) combined model.
Figure 18.
Force of HTS disk for FC: (a) model for current and (b) combined model.
Figure 19.
Force of HTS ring for FC: (a) model for current and (b) combined model.
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one material, as a characteristic of this material. Such a characteristic can be used in
the design of devices based on bulk HTS with arbitrary sizes and shapes. To get
closer to defining the parameters for material, rather than parameters for sample,
two samples of different shapes were studied. Obtained parameters are suitable for
both samples in both cooling modes.
During calculations and choosing of the model parameters, we assumed that
both HTS samples have identical properties. However, the analysis of the experi-
mental results of the experiment indirectly suggests some differences. The discrep-
ancy between the calculated and experimental data was also influenced by
inaccuracies of the experiment, in particular, some changes in the magnetization of
the permanent magnet due to cooling by nitrogen at a minimum gap.
For illustrating the magnetization impact, all experimental dependencies were
calculated for two models: model for current and combined model. At ZFC, mag-
netization causes the increase of the force at the minimal gap. At FC, magnetization
shows the initial force at the cooling point, which is provided by the Meissner
effect. In general, both models show good approximation with the experiment and
can be recommended for analysis of magnetic systems with HTS bulk. As for
magnetization, it should be applied in the system with a low gap, where it signally
affects the characteristics of the system (force or trapped magnetic field), especially
for FC.
Defined parameters, and the method for their determination, have limitations.
Since they were selected and confirmed using experimental results at certain mag-
netic field range, their use is reliable only within the same field values.
6. Conclusion
The chapter discusses the methodology for modeling the electromagnetic prop-
erties of bulk HTS designed for the numerical calculation of magnetic systems. The
proposed method is based on applying the two types of sources – current field and
magnetization. The current properties are determined by nonlinear resistance.
Magnetization is a model of local currents that can occur in a material, for example,
upon transition into superconducting state. These currents do not obey the law of
electromagnetic induction (in modeling). Their distribution in the volume can be
represented as a characteristic of nonlinear magnetization.
Parameter Units Value
Critical current density, JC,max A/mm
2 150
Critical magnetic field for current, HC kA/m 1100
α for critical current — 1
β for critical current — 2
Dispersion δ — 0.003
Critical magnetization, MC,max kA/m 80
Critical magnetic field for magnetization,
HCM
kA/m 1100
α for magnetization — 1
β for magnetization — 2
Table 3.
Parameters of the mathematical models for J and M from comparison with the experiment.
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Using the proposed models, we simulated the interaction of HTS bulk with
external magnetic field after zero-field and field cooling. Distribution of the mag-
netic field sources inside a superconductor and magnetic field strength near it were
obtained and analyzed. As shown in simulation results, the combination of two
sources allows to widely regulate the properties of HTS and expand the possibilities
of conventional methods, including the modeling of the Meissner effect.
For verification of the proposed method, we compare the results of simulation
with the experimental measurements of the levitation force. Comparison shows the
good agreement between calculated and measured results, which confirms the
possibility to expand and clarify the approximation models describing the electro-
magnetic properties of bulk high-temperature superconductor.
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